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ABSTRACT 
We examine combinatorial properties of extremal plane stochastic matrices of 
dimension three. Methods are given for the construction of such extremal matrices of 
any order. We obtain a lower bound for the number of connected extremal matrices 
of order n and conclude with some open problems. 
1. INTRODUCTION 
It is well known that the collection of doubly stochastic matrices of order 
n is a convex set whose extreme points are the permutation matrices of order 
n. It is possible to generalize doubly stochastic matrices to higher dimensions 
[3, 61. There are two types of three dimensional generalizations of doubly 
stochastic matrices, the line stochastic matrices and the plane stochastic 
matrices. Very little is known about the extreme points of either of these 
convex sets. In this paper we focus our attention on the plane stochastic 
matrices. 
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A three dimensional matrix of order n is a real valued function A defined 
on the set I,,, of points (i, j, k) where 1 < i, j, k < n. It is usual to say that the 
value of this function at the point (i,j, k) is an entry of the matrix and to 
denote it by a+. A plane is defined to be a subset of Ja,* which results when 
one of i, i, k is held fixed. There are three kinds of planes: the row planes (i 
fixed), the column planes ( i fixed) and the horizontal planes (k fixed). The 
pattern P(A) of a matrix A is the set of all points (i, 1, k) for which G,~~#O. 
The number of non-zero entries of A is II’(A)). Any subset of ]3,n is a pattern. 
Given a pattern S, we define a plane section of S to be the intersection of S 
with a plane, and we carry over the above terminology to plane sections. 
A matrix A is plane stochastic if its entries are non-negative numbers and 
the sum of the entries in each plane is equal to one. A pattern is said to be a 
pkzne stochastic pattern if it is the pattern of a plane stochastic matrix. Plane 
stochastic patterns are investigated by the present authors in [2]. 
If A and B are plane stochastic matrices of order n and 0 < cr < 1, then 
(1 - a)A + aB is also a plane stochastic matrix. Thus the collection of all 
plane stochastic matrices of order n is a convex set. It is an interesting 
problem to determine all the extreme points of this convex set [S]. These 
extreme points are called extremul plune stochastic matrices or, simply, 
extremul matrices. Our main effort is to construct extremal matrices and to 
examine their combinatorial properties. 
2. CONSTRUCTION OF EXTREMAL MATRICES 
A three dimensional permutation matrix is a plane stochastic matrix with 
precisely one non-zero entry in each plane. Of course, these non-zero entries 
are all equal to 1. It is immediate that these permutation matrices are 
extremal, but unlike the two dimensional situation, there are other extremal 
matrices [3]. It is a consequence of our Theorem 3.1 that for large n the 
permutation matrices of order n are an insignificant subset of the set of all 
extremal matrices of order n. 
Within the convex set of plane stochastic matrices of order n, the 
permutation matrices are uniquely determined by their patterns as we have 
indicated above. More generally, a plane stochastic matrix A with pattern S 
i.s extremal if and only if there is 7~) other plane stochastic matrix having 
pattern S [6]. The permutation matrices of order n have precisely n positive 
entries, while the non-permutation extremal matrices have more. The follow- 
ing theorem is a corollary of a more general result of Jurkat and Ryser [S]. 
THEOREM 2.1. Let N be the number of positive entries in an extremal 
plane stochastic matrix of order n. Then N <3n-2. 
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We observe that N > n, since every plane stochastic matrix must have at 
least one positive entry in each row plane. Thus we have 
n<N<3n-2. (2-I) 
Curiously, N does not attain all values between these bounds; the precise 
range of N is given in Theorem 2.10. 
In dealing with extremal matrices the concept of connectivity plays a 
useful role. Two patterns S, and S, in .Z3,n are termed independent if there is 
no plane which intersects both. Independent patterns are necessarily disjoint. 
A pattern S is connected [4] if S is not the union of two non-empty, 
independent patterns. There is a natural way to associate a graph with a 
pattern S. The nodes are the points of S. Two nodes are adjacent if and only 
if they he in a common plane. The pattern S is connected if and only if the 
graph of S is a connected graph. The connected components of S are the 
maximal connected subpatterns of S (these correspond to the connected 
components of the associated graph). 
The following theorems show that the associated graph of a connected 
stochastic pattern is 2-connected. 
THEOREM 2.2. Zf S CJa,, i.s a connected plane stochastic pattern and 
(r,s,t)ES, then S-{( r,s, t)} is a connected pattern. 
Proof. If n = 1, the statement is trivial. Let n > 2. Suppose (r,s, t) were a 
point of S such that S - ((r,s, t)) = S, u S,, where S, and S, are non-empty, 
independent patterns. Of the three planes containing the point (r, s, t), there 
is one plane H which intersects S,. For otherwise S, and S, u {(r, s, t)} would 
be independent patterns whose union is S, contradicting the connectedness 
of S. Similarly, there is a plane K containing (r,s, t) which intersects S,. 
Let A be a stochastic matrix with pattern S. Let Hi,. . . , H be the planes 
parallel to H which intersect S,. One of these planes is eq uap to H. None of 
these planes intersect S,, since S, and S, are independent. Thus 
L&K r, . . . , K, be the planes parallel to K which intersect S,. None of these 
planes is equal to K, nor do any of them intersect S,. Thus 
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Combining these two equations, we obtain 
a rst-p-9. 
Since the pattern of A is S, ant > 0. Since p - 9 is an integer, we conclude 
that a,, = 1, contradicting the connectedness of A. n 
If S and T are patterns in 13,nr then S is permutation equivalent to T 
provided there are permutations u, p, r of { 1,. . . , n} such that (i, j, k) E S if 
and only if (u (i),p( j), 7(k)) E T. We write T= S (a+‘*7). Informally, S is 
permutation equivalent to T provided it is possible to rearrange parallel 
plane sections of S (possibly in each direction) to obtain T. Permutation 
equivalence of matrices can be defined in a similar way. 
Let S G],,, and let m be a positive integer. The m-translation of S is the 
pattern in 13,,+, consisting of the points (i + m, i + m, k + m) with (i, i, k) E S. 
Let SIC& and S2CJ3,%. Then the direct sum S, @ S, G J3,n,+n, of S, and 
S, is the union of S, and the n,-translation of S,. The direct sum A @I3 of 
two matrices A and B is defined analogously. 
THEOREM 2.3. Every plane stochastic pattern S is permutation equiva- 
lent to the direct sum of connected plune stochastic patterns. 
Proof. Let S, be a connected component of S. Then S = S, u Ss, where 
S, = S - S,. Since S is a plane stochastic pattern, if,say, m horizontal planes 
intersect S,, then precisely m row and m column planes intersect S,. Thus 
there exist permutations u,p,r of {l,...,n} such that TI=SpP*T)~J3,n, 
where TI is a plane stochastic pattern. Hence for some pattern T,, S (0*p*7) is 
the direct sum of TI and T* Here T, is a plane stochastic pattern. If T2 is 
connected, the proof is complete; if not, we may repeat the argument. n 
The direct sum of extremal matrices is extremal, and every extremal 
matrix is permutation equivalent to the direct sum of connected extremal 
matrices. 
We remark that the analogue of Theorem 2.3 for line stochastic patterns 
is false. The following two lemmas, whose proofs are straightforward, will be 
useful in verifying that certain matrices constructed are plane stochastic. 
LEMMA 2.1. Let T G I,,, be such that for all points p E T there exists a 
plane HP with HP n T= { p}. Let A and B be plane stochastic matrices which 
agree everywhere except possibly on T. Then A= B. 
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LEMMA 2.2. Let A be 5 matrix of or&r n with the following properties: 
n - 1 of the row plane sums equal one; (2.2) 
n - 1 of the column plane sums equal one; (2.3) 
all of the horizontal plane sums equal one. (2.4) 
Then all plane sums of A equal one. 
The direct sum of two connected matrices is, of course, not connected. 
We now describe a method for constructing connected extremal matrices 
using the direct sum and another operation. For all constructions that follow, 
equivalent constructions can be obtained by interchanging the roles of the 
three types of planes. 
CONSTRUCTION I. Let A and B be connected extremul matrices of order 
nl > 2 and n2 > 2, respectively, such that some positive entry of A equals a 
positive entry of B. Let the matrix D= A@ B have pattern S u T, where 
S=P(A) and T is the n,-translation of P(B). Let (u,v,w)~S and (r,s,t)~T 
be such that j3 = d,, = d,,. Let C be the matrix of o&r n,+ n2 such that 
C uvw =%t= 0 
C U”t =c_=p, 
and C agrees with D elsewhere. 
THEOREM 2.4. Let A, B, C be as in Construction I. Then C is 5 connected 
extmmul matrix with 
IP(C IP( + IP(B 
PTOO~. We have that 
p(c>=s*U T*u {(WAt),(T,S,W)}, 
where S*= S- {( u,o,w)>, T* = T- {( T,S, t)}. We first show that P(C) is 
connected. In view of Theorem 2.3, both S* and T* are connected patterns. 
The j~th row plane intersects S* and contains the point (u,v, t); the tth 
horizontal plane intersects T* and contains (u,v, t). Hence 
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S*u T*u {(u,u,t)} is connected. Since the wth horizontal plane intersects 
S*, P(C) is connected. 
From the construction it is apparent that C is plane stochastic. We now 
show that C is an extremal matrix by verifying that C is the only plane 
stochastic matrix with pattern P(C). Suppose E were a plane stochastic 
matrix with P(E) = P(C) and E# C. By Lemma 2.1, E and C cannot agree 
on S* u T*. Without loss in generality we may suppose that E and C differ at 
a point in S*. Let G be the matrix of order n, with pattern S defined as 
follows: 
if(i,j,k) E S*, 
Then all plane sums of G except possibly for the uth row plane sum and uth 
column plane sum equal one. By Lemma 2.2, G is a plane stochastic matrix. 
Since C equals A on S* and E equals G on S*, it follows that G # A. On the 
other hand, P (G) = P(A), contradicting the fact that A is an extremal matrix. 
The fact that [P(C)1 = (P(A)1 + IP( is immediate from the construction, 
and the proof is complete. n 
The proof of the next lemma is straightforward. Its main purpose is to 
allow alternative interpretations of the next two theorems. 
LEMMA 2.3. Let A i, . . . ,A, be extremal matrices of order n with patterns 
S 1 ,..., S,, respectiuely, and let S=S,u*-- US,. Then S, ,..., St we all the 
extremal subpatterns of S if and only if every plune stochastic matrix with 
pattern contained in S is of the fnm ar,A, + * * - + qA,, where 0 < cw, < 1 
(l<i< t) and a,+--* +cu,=l. 
CONSTRUCTION II. Let A,, 
matrices of order n,, 
= [a$)] and A,= [a#] be distinct extremul 
with patterns S, and S,, respectiuely, such that 
S= S,U S, is connected. Assume that all plane stochastic matrices whose 
patterns are contained in S can be written in the form A, = (1 - a)A, + CUA,, 
0 < LX < 1. Let B be a connected extremal matrix of order nz > 2 such that for 
sOme (u,u,w)E& R1 
that p = (1 - +,$!& 
and some entry /I of B, at& < p < a,$,,. Let cq, be such 
+ ct,ai& Let C be the matrix of order n, + n, obtained . 
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by applying Construction I to the matrices A = Aa, and B. 
THEOREM 2.5 Let A, B, and C be as in Construction II. Then C is a 
connected extremal matrix with 
PW)l= Ifw + IP(B 
Proof. Let D, T and (r,s, t) E T be as used in Construction I. The matrix 
C is plane stochastic, and ~P(C)~=~P(A)~+~P(B)~. The connectedness of C 
follows as in Theorem 2.4 (A need not be extremal to verify this). Thus we 
have only to show that C is an extremal matrix. 
Assume C is not an extremal matrix. Then there exists a plane stochastic 
matrix Ef C with P(E)=P(C). By Lemma 2.1, E and C must differ at a 
point of S* u T*. If E and C differ at some point of T*, then, T* u ((r,s, t)} 
being the translation of an extremal pattern, an argument similar to that 
applied to S* in the proof of the previous theorem leads to a contradiction 
here. If E and C differ at some point of S* but are equal on T*, a slight 
modification of our argument is needed because S* u {(u,qw)} is not an 
extremal pattern. The plane stochastic matrix G is constructed as before. 
Here also we have G#A but P(G)=P(A)=S. Thus G=(l-v)As+vA, for 
some Y with 0 < v < 1, so that g,ow = (1- v)atA + vaF&, On the other hand, 
Guu, = e_ = c_ = @ = (1 - LyO)aLL + a,aL&. 
The second equality follows from the fact that E and C agree on the rth 
horizontal plane with the point (r,s,w) omitted; hence they also agree at 
(r,s, w). Since a,,, co) #a:&, the above equations imply that v = ao, and thus 
G = A, a contradiction. Thus C is an extremal matrix. n 
REMARK. The assumption in Construction II that all plane stochastic 
matrices whose patterns are contained in S can be written in the form 
(I - a)A,+ aA,, 0 < a! < 1, is essential and does not follow from the earlier 
assumptions as it does for the two dimensional analogue. In two dimensions 
the union of two distinct extremal (doubly stochastic) patterns, if connected, 
contains no other extremal pattern. We illustrate that this need not be so in 
three dimensions. The matrix M, below represents an extremal pattern S,. 
M,= ’ 2 , [ 1 2 1 
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In this and other representations of this type; the (i,i) entry of M, equals k if 
and only if (i, i, k) is in the pattern. (Not all patterns can be represented like 
this unless we allow multiple entries.) Another extremal pattern S, is defined 
by the matrix 
M,= 2 1 
[ I 12’ 
The union of these two patterns is Ja,s, and hence is connected and contains 
four other extremal patterns, namely all the permutation patterns. The next 
theorem gives necessary and sufficient conditions in order that the union S of 
two extremal patterns be such that all plane stochastic matrices with pattern 
S form an open line segment. Let S ~.!a,, with 1 S I= m. We can obtain an 
incidence matrix F(S) of S by labeling the planes of .l,,, from 1 to 3n and the 
points of S from 1 to m, and letting fis = 1 if and only if the sth point is in the 
rth plane. 
THEOREM 2.6. Let S,, S, c J3,n be patterns of distinct extremal matrices 
A,,A,, respectively, and let S= S,,u S,. Then evey plane stochustic matrix 
with pattern S is of the fm (1- a)A,+ aA,, 0 < a < 1, if and only if the 
rank of the incidence matrix of S equals 1 S I- 1. 
Proof. Let F= F(S) and ISI= m. Consider the system of linear equations 
defined by Fx= e where e is the vector of m components each equal to one. 
The positive solutions of this system correspond to plane stochastic matrices 
with pattern S. Let x0,x1 correspond to the matrices A,,A,, respectively. If 
the rank of F(S) is m - 1, then the set of all solutions (not necessarily 
positive) of the system is a straight line. Since x0, x1 are distinct points on this 
straight line, all solutions can be written in the form (1 - a)x,,+ axi (a real). 
Suppose x‘ corresponds to a plane stochastic matrix A’ with pattern S. Then 
x’ = (1 - a’)xa + a’xi for some a’. Since A’# A,, A,, we cannot have a’ = 0 or 
1. We claim O<a’<l. If, say, a’>l, then xi=(a’-l)(a’)-$)+(a’)-ix’, 
implying that A, is a proper convex combination of distinct plane stochastic 
matrices A, and A’, a contradiction. Thus’ A’=(1 - a’)A,+ a/Al, where 
O<a’<l. 
For the converse we first note that by a theorem of Jurkat and Ryser [6], 
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since S is not an extremal pattern, the rank of F is less than m. Suppose the 
rank of F were less than m - 1. Then there exists a solution xa of Fx= e 
which does not lie on the straight line determined by x0 and q. But then for 
sufficiently small s, 
is a positive solution of Fx = e which corresponds to a plane stochastic matrix 
with pattern S not of the form (1 - cr)A,+ CIA, (0< (Y < 1). This is a contra- 
diction and the theorem is proved. n 
COROLLARY 2.1. Let S c_T3,, be a plane stochastic pattern and S,C S an 
extremal sub-pattern such that \ S \ Se\ = 1. Then there exists a unique extremal 
subpattem S, such that S = S,U S,. Furtheme, S ha.s no proper stochastic 
s&patterns other than S, and S,. lf A,,A, are the extremal matrices with 
patterns S,, S,, respectively, then every plane stochastic matrix with pattern S 
is of the form (l-a)A,+aA,, O<a<l. 
Proof. Let m= IS\. S ince S has a proper plane stochastic subpattern, S is 
not an extremal pattern. Hence S is the union of extremal patterns, and one 
of them, say S,, contains the point not in S,. We have S = S, U S,. By [6] the 
rank of F(S) is less than m. On the other hand, S, is an extremal pattern, so 
that the rank of F( SO) is ) S,] = m - 1. Since F (S,,) is obtained from F(S) by 
deleting one column, the rank of F(S) is m - 1. The conclusions now follow 
from Theorem 2.6 and Lemma 2.3. n 
We now describe two further constructions of extremal matrices, the 
combination of which will enable us to determine the precise range for the 
number of positive entries in a connected plane stochastic matrix of order n. 
CONSTRUCTION III. Let A be a connected extremal matrix of order n > 2. 
Let (r,s,t)EP(A), and let TCJ3,n+l be the pattern &fined by T= Tl u T, 
where 
&-P(A)-{(r,s,t)}, 
Tz={(r,s,n+l),(n+l,n+l,t),(n+l,n+l,n+l)}. 
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Let B be the matrix of ord& n + 1 with pattern T defined as follows: 
biik = aii, if (i,j,k)E T,, 
b r,s,n+1= b n+1,n+1,t=%w 
b n+l,n+l,n+l=l-a,s,. 
THEOREM 2.7. Let A and B be as in Construction III. Then B is a 
connected extremul matrix with 
IP(B If’(A)1 +2. 
Proof. By Theorem 2.2, Tl is a connected pattern. Clearly T, is a 
connected pattern. Since the rth row plane intersects both Tl and T,, T is 
connected. Moreover, I TI = IP( + 2. It is readily verified that B is a plane 
stochastic matrix with pattern T. We first show that if B and C agree on T,, 
then C = B. Examining the ti horizontal plane, we find that 
C”+l,“+l,t = 1 - 3 ctit 
i,j=l 
= 1 - i bitt 
i,j=1 
= bn+l,n+l,t. 
Examining the (n + 1)st row plane, we find that 
Finally, examining the (n + 1)st horizontal plane, we find that c,,,,,+ i 
= b ,,J,n+l. Hence C= B. We can now show that B is extremal. If not, there 
would exist a plane stochastic matrix C# B with pattern T such that C and B 
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differ on Ti. Then the matrix G of order n with pattern S defined by 
&k = Cffk if (4 i, k) E T,, 
&t = %,*,,+1r 
is a plane stochastic matrix with G # A, a contradiction. n 
COROLLARY 2.2. For each n > 2 there exist-s a connected extremal matrix 
of order n with exactly 2n positive entries. 
Proof. For n =2 such a matrix is the matrix with pattern S = ((1, 1, l), 
(2,2, l), (1,2,2), (2,1,2)) all of whose positive entries equal 4. The corollary 
now follows by induction from Theorem 2.7. n 
In the following we indicate the patterns of the first few matrices of one 
sequence of matrices constructed in this way. We choose (T, s, t) = (n, n, 1) for 
each n. All positive entries of the matrices are $. 
X 
2 
3 
3,4 
[ 
1 
2 
2 
1 ’ 1 [ 23 1 2 1,3 1 2 
1 2 
2 3 
394 
495 
195 
(2.5) 
LEMMA 2.4. Let A and B be extremal matrices of order n1 and nz, 
respectively. Let a be the smallest positive entry of A, and let j3 be the 
maximum entry of B. Then 
with equality if and only if A is a permutution matrix and @ = 4. 
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Proof. Since (Y < 1, it suffices to show /3 > #. By Theorem 2.1, in some 
plane of B the number of positive entries is at most two. The largest entry in 
this plane is at least 4, so that /3 > &. If A is not a permutation matrix, it has a 
plane with at least two positive entries, each being less than 1. Hence in this 
case % <gC /3. n 
CONSTRUCTION IV. Let A and B be connected extremal matrices of order 
n, and n2, respectively. Let D = A 63 B and let P(D) = S u T, where S = P(A) 
and T is the n,-translation of P(B). Let (r,s,t)ES and (u,v,w)E T be 
chosen so that 
K, ( 4,. (2.6) 
(By Lemma 2.4 this is always possible.) We construct a matrix C of or&r 
n, + n2 as follows: 
c_ = c,,,, = curt = idmt, 
cf{k = 0, otherwise. 
We remark that (u, v, w) E P(C) if and only if there is strict inequality in 
(2.6). If (u,v, w) is the n,-translation of the point (x, y,z) E P(B), then we say 
that C is obtained by joining A and B through the points (r, s, t) and (x, y,z). 
THEOREM 2.8 Let A, B and C be as in Construction IV. Then C is a 
connected extremal stochastic matrix, and 
tP(C)I = lP(A)I + IP( + k, 
where k = 1 m 2 according as equality or strict inequality holds in (2.6). 
Proof. Let S*=S-{(r,s,t)} and T*=T-{(u,v,w)}. By Theorem 2.2, 
S* and T* are connected patterns. S* has at least one point in the rth row 
plane, while T* has a point in the vth column plane. The connected pattern 
S* u T* u {(r,v, t)} has a point in each plane and is a subset of P(C). Hence 
C is a connected matrix. 
Let E be a plane stochastic matrix with P(E) = P(C). Suppose that E and 
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C did not agree on S *. Define the matrix G of order ni with pattern S by 
&fk = etfk if (i,j,k) E S*, 
&t = f&w + f%w 
All the plane sums of G, except possibly the sth column plane sum and tth 
horizontal plane sum, are those of E. Since E is plane stochastic, the above 
plane sums of G are one. Thus by Lemma 2.2, G is plane stochastic. Since C 
equals A on S* and E equals G on S*, it follows that G# A. Since 
P(G)=P(A), A is not extremal, which is a contradiction. Thus E and C 
agree on S*. It follows in a similar way that E and C agree on T*. Let 
f&W = a. The equations listed below follow by comparing the indicated plane 
sums of E and C, using the fact that E and C agree on S* u T*. 
e =a --a wt rst (sth column plane) 
e mt =a,-a (rth row plane) 
e =C wnu uow - ( cmt - a) (vth row plane) 
e =c -a “VW Uow ( wth horizontal plane). 
Combining the last two equations, we see that a = 4 c,,. With a uniquely 
determined, the above equations imply that E is uniquely determined. Thus 
E = C, and C is extremal. n 
COROLLARY 2.3. Let A and B be connected extmmal matrices of order n, 
and n2, respectively. Then there exists a connected extremal matrix C of 
on&r n, + n, with 
IP(C P(A)1 + lf’(B)I +2. 
Proof. Let D be as in Construction IV, and let d,, be the smallest 
positive entry of A and d_, the largest entry of B. Equality can occur in 
(2.6) only if A is the permutation matrix of order 1. Should this happen the 
roles of A and B can be interchanged, and the corollary follows. n 
COROLLARY 2.4. If A is a connected extremul matrix of order n, then 
there exists a connected extremal matrix C of order n + 1 with 
IP(C)I = lf’@)I +3. 
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Pruoj This follows from Corollary 2.3 by choosing B to be the permuta- 
tion matrix of order 1. n 
To illustrate Construction IV we construct a sequence C,, C,, . . . , C,, . . . of 
extremal connected matrices of orders 1 2 , ,***, n,. . . as follows. C, is the 
permutation matrix of order 1. C,,, i is obtained from C, by applying 
Construction IV with A = C, and B equal to the permutation matrix of order 
1. We remark that Construction IV depends on choosing points (r,s, t) and 
(u,u,w). Here the point (u,o,w) is determined to be (n+l,n+l,n+l), 
because B has only one positive entry. This entry being equal to 1, we are 
free to choose (r,s, t) from P(C,). The inequality in (2.6) is now strict, and 
hence ~P(C,+,)~=~P(C,)~+~P(B)~+2=~P(C,J~+3. In the following we in- 
dicate the patterns of the first few matrices of one sequence constructed in 
this way. We choose (r,s, t) = (1, n, 1) for each n. 
2 1 
[ I[ 12’ 
2 3 4 1 
2 3 1 
1 2 
12 p . (2.7) 
1 3 
1 3 I! : 1 4 
The extremal matrices C,,C,,C,,C, are represented in the plane by the 
matrices E,, E,, E3, E4 below, where the (i, j) entry of, say, E, is a! > 0 if and 
only if the (i, j, k) entry of C, is (II. [Given (i, j), there is at most one k such 
that (i,j,k) E P(C.J.1 
COROUARY 2.5. For each n > 2 there exists a connected extremal matrix 
of order n with exactly 2n positive entries. 
We remark that this corollary is the same as Corollary 2.2. The matrices 
obtained by using Construction III are essentially different from those 
obtained by using Construction IV. 
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Proof. We construct a sequence Cs, C,, . . . , C,, . . . of extremal connected 
matrices of orders 2 3 3 ,***, n,. . . as follows. Let C, be a connected extremal 
matrix of order 2. (Such a matrix is provided by the previous corollary.) C, 
has exactly four positive entries, and all are equal to i. Suppose C, is a 
connected extremal matrix of order n with exactly 2n positive entries all of 
which equal 4. We construct C, + i by applying Construction IV with A 
equal to the permutation matrix of order 1 and B = C,,. We must have 
(r,,s,t)=(l,l,l),andthisforcesequalityin(2.6); henceIP(C,+,)I=IP(A)I+ 
IP (C,Jl + 1= IP (C,Jl + 2 = 2( n + 1). From the construction it follows that all 
positive entries of C,, i equal & .I 
In the following we indicate the patterns of the first few matrices of one 
sequence constructed in this way. In order to obtain symmetric patterns, we 
use a different interpretation of Construction IV by working with B @A 
instead of A@B. We choose (u,u,w)=(n,n,l) and (r,s,t)=(n+l,n+l,n+ 
1) for each n. 
1 2 
[ I 2 1’ 
1 2 
2 3 
3 1 
i 2 1 3 2 4 3 4 1I * 
In (2.1) the bounds n and 3n -2 are given for the number of positive 
entries in an extremal plane stochastic matrix of order n. In the following 
theorem we give the precise range for the number of positive entries in a 
connected plane stochastic matrix of order n > 2. 
THEOREM 2.9. Let N be the number of positive entries in a connected 
extremul plane stochastic matrix of or&r n > 2. l%en 
2n< N<3n-2. (2.8) 
Conversely, if m is an integer with 2n < m < 3n - 2, there exists a connected 
extremul plane stochastic mutrix of order n with exactly m positive entries. 
Proof. The upper bound in (2.8) is a consequence of Theorem 2.1. Let S be 
the pattern of a plane stochastic matrix A of order n > 2. If S has at least two 
points in each row plane, the lower bound in (2.8) holds. If S has only one 
point (i, i, k) in the ith row plane, then a+ = 1, and (i, i, k) is the only point of 
‘Ill this COMCCtiOn See Theorem 4.1. 
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S in the jth column plane and kth horizontal plane. Hence S is not 
connected, a contradiction. 
For n > 2 and m =2n the converse has already been verified (Corollary 
2.5). For n = 2, this includes the entire permissible range of m. Let n > 2, and 
assume the conclusion has been verified for order n - 1. Let 2n + 1 < m 
< 3n - 2. Then 2(n - 1) < m - 3 < 3(ra - 1) - 2, and by Corollary 2.4 there 
exists a connected extremal matrix of order n with exactly m positive 
entries. Hence the theorem follows by induction. n 
The next theorem gives the precise range of values for the number of 
positive entries in a (not necessarily connected) extremal matrix of order n. 
THEOREM 2.10. Let n,m be positive integers such that n < m < 3n - 2. 
Then there exists an extremal matrix of order n with exactly m positive 
entries if and only if m#n+l. 
Proof. For n = 1 the theorem is obviously true. Let n > 2. If m > 2n, then 
by Theorem 2.9 there exists a (connected) extremal matrix of order n with 
exactly m positive entries. If m < 2n and m # n + 1, then write m = (2n - 
m) + 2( m - n) and let C = A G3 B, where A is a permutation matrix of order 
2n - m and B is an extremal matrix of order m - n with exactly 2(m - n) 
positive entries. If m = n,BisvoidandC=A;ifm-n>2,theexistenceofB 
is assured by Corollary 2.5. 
Suppose there were a stochastic matrix D of order n with exactly n + 1 
positive entries. Considering n parallel planes, we find that exactly one of 
these planes contains two points of P(D), and the rest contain one each. Let 
p, q E P(D) be two distinct points in a common plane. Then there exists a 
plane HP such that p E HP, q $?i HP. Let Hg be the plane parallel to HP with 
q E Hq. Then at least one of these two planes, say HP, contains exactly one 
point of P(D). Thus H,, n P(D) = { p}, and the entry of D at p is one. Since 
p,q are in a common plane, it follows the entry of D at q is zero. This is a 
contradiction, since q E P(D). n 
Finally we mention one further construction. 
CONSTRUCTION V. Let A be an extretnal matrix of urder n with P(A) 
= S. Let O< a, < auuw be such that r#u, sfv, t#w. We con&u& a 
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matrix B of order n + 1 as follows: 
bifk = Oifk if(i,j,k)~S\{(r,s,t),(u,u,w)}, 
b =u -a uvw uvw rst, 
b r.n+1,t = n+l,o,w b = bu,,,,+ I= 1 - am:, 
b n+l,n+l.n+l=%st~ 
bitk = 0, otherwise. 
THEOREM 2.11. Let A and B be as in Construction V. Then B is an 
ertremul stochastic matrix of or&r n+ 1. Zf A is connected, so is B. 
The proof of this is similar to earlier proofs of this nature and is omitted. 
If we apply this construction to the third matrix D3 described in (2.2) and 
(2.3), choosing (r, s, t) = (2,2,2) and (u, u, w) = (3,3,3), we obtain the matrix 
whose pattern is 
i 
2 3 
1 
491 
and is represented in the plane by 
I 
t f ii 
434 
1 
2 
3 
3 4 
f 
t 
f 
t 4 
3. PERMUTATION NON-EQUIVALENT 
EXTREMAL MATRICES 
We now turn our attention to the problem of obtaining a lower bound for 
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the number of permutation non-equivalent extremal matrices. 
THEOREM 3.1. Let g(n) be the number of permdution non-equiuabnt 
connected extremul matrices of order n. Then for arbitrary e > 0, 
cd4 >(1-4 
eiii-2 p-2 
2”-(VG-2) e 
(5!)2 ( 1 
for sufficiently large n. 
Proof. Let n > 3. Consider the connected pattern Z’,, cJ,,, consisting of 
the following points: 
(i,i,i+l), i=l,...,n-1; 
(i + 1, i, l), i=l,...,n-I; 
(i,i+l,i), i=3,...,n-1; 
(n,n,n), (l,n, 1). 
The pattern Ps is 
L 
2 
I 3 
1 4 3 
1 5 4 
1 6 
1 
For 2<r, s<n, let P,(r,s)=P,u{( r,s,2)}. We first show that there is a 
unique plane stochastic’ matrix A (r,s) whose pattern is a subpattem of 
P,, (r, s). From this it follows that A (r. s) is an extremal matrix. 
Suppose there is a matrix A, whose pattern is contained in P,(r, s), such 
that all the plane sums of A are equal to 1 except possibly the sums in the 
first and the nth horizontal plane and the nth column plane. Let alnl = a. 
We describe a method to determine each entry of A in terms of a. 
Considering the first row and column planes in turn, we find that a1r2 = l- 
a, a211 =a. Considering the second horizontal plane, we conclude that 
a rs2 = a. Suppose that the entries in the first k < n - 1 row planes have been 
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determined in terms of a. Considering the kth column plane, we find that all 
the entries except for ok+i&i have been determined. Since this plane sum is 
‘9 uk+l,k,l is also determined in terms of a. If k # n - 1, then considering the 
(k + I)st horizontal plane lets us determine ok+ i,k+2,k+ r in a similar way. At 
this stage only one entry of A in the (k + 1)st row plane is undetermined, 
which now can be expressed in terms of a. If k = n - 1, then a,,,_ r, i is 
determined in terms of a by examining the (n - 1)st column plane, and now 
U nnn is determined in terms of a by examining the nth row plane. Thus by 
induction all the entries of A are functions of u. 
Let A be the matrix of order n whose pattern is contained in P,, (r, s) with 
T < s and whose entries are given below. The numbers fa,fr,fs,fs, . . . are from 
the Fibonacci sequence 0, 1, 1,2,. . . . 
i 
fi-lU, 2<i<r, 
ain1 = a,, = o, ‘i,i-l,l= (Ll+_f-,+lb9 r+l<i<s, 
(fi-i+fi_,+i-fi_,)a, s+I=Gi-sn, 
(34 
( 
(fi-l)a, 3<i<T, 
qi+1i= I , (f;+fi_r+a-2)u, r+l<i<s, (3.2) 
(fi+fi--r+l-fi--s+l-l)a, s+lGi<n--1, 
l-u, i = 1, 
r 
I-(_6+1-I)% 2<i<r-1, 
‘i,i,i+l= l-f,+1a* i=r<n, (3.3) 
I-(f,+r+f,-,+,-2)aY r+l<i<s,i<n, 
I- (fi+l+&-r+s-fi--s+s- I)G s+l<i<n-1, 
U = l-oil-1+L-7+1-L,)a, 
i 
r<n, 
nnn 
l-(fn_l+l)a, r=n 
It can be verified that all plane sums, except possibly the three previously 
mentioned, equal one. By our previous discussion, A is the only matrix with 
ai,,i = a, these plane sums equal to one, and pattern contained in P,,(r,s). We 
compute the first horizontal plane sum of A to be 
4L+1 +L--r+3-fn--s+e- 1). 
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It is readily seen that the number in the parentheses is greater than one. 
Thus putting a equal to (f,+l+fn_r+3-fn_s+e-1)-1, in view of Lemma 
2.2 we obtain the unique matrix A with all plane sums equal to one and 
pattern contained in P,, (r, s). From now on we assume Q has the fixed value 
a=(fn+X+fn-r+3-fn-s+g-I)-1. (3.4) 
Those entries of A given in (3.1) and (3.2) are easily verified to be positive 
integral multiples of a. Those entries of A given in (3.3) are of the form 
1 - ku, where k is a positive integer. Such an entry can also be written in the 
form 
(.L+1+Lr+3-L+2- l- k)ay 
and it is apparent that these entries are integer multiples of u. Closer 
examination of these entries shows that they are all positive integral mul- 
tiples of (I. Thus we conclude that A is an extremal matrix of order ?E with 
smallest positive entry equal to a as given in (3.4). In this particular case 
(r < s) the pattern of A equals Pn(r,.s). 
If r > s > 2, similar considerations give an extremal matrix A with smallest 
positive entry equal to u as given in (3.4). If s = 2 (r > 2), the pattern of A is 
P,,(r,s)\{(3,2,1}. If s>2, the pattern of A is P,(T,s). In all cases the pattern 
is connected. 
For a fixed n, A = A (r, s) and a = u(r, s) are both functions of r and s. If 
u(r,,s,)#u(~~,~a), then obviously A(ri,ai) is not permutation equivalent to 
A(r,,s,). We observe that ~(r~,~J=u(r,,s,) if and only if 
L- r,+3-fn-s,+2=fn-r*+3-fn-sp+2. (3.5) 
Considering the differences of the numbers taken from the sequence 
f2PfJ4*"' and using properties of Fibonacci numbers, one finds that two 
such differences are equal only in the following cases: 
(i) fk-fk=fi-fi (k=2,3,...; 2=2,3 ,...) 
(ii) f4--f3=f3-f2 
@> f3-f4=f2--.& 
(iv) h+l-fi=fk-fk-2 (k=Gi...) 
(4 h-fk+l=fk-2-fk (k=4,5,...). (3.6) 
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Consider those pairs (T,s) for which the difference fn_r+s-fn_s+a is of the 
same form as the differences on the left side of the equations in (3.6). We 
find the following sets of pairs give rise to equal values of a(r, s): 
(i) a(3,2)=~(4,3)=*.. =a(n,n-1) 
(ii) u(n-l,n-l)=u(n,n) 
(iv) u(2,2)=u(3,4),u(3,3)=~(4,5),...,u(n-2,n-2)=~(~-1,~) 
(v) u(4,2)=u(6,3),u(5,3)=u(7,4),...,u(n-2,n-4)=u(n,n-3). (3.7) 
All values of U(T,S) are different unless equality is indicated in (3.7). This 
implies that there are n 2 - 5n + 9 different values of u(r, s). Let @n denote a 
set of n2-5n +9 matrices of order n of the type A(T,.s), no two of them with 
equal smallest positive entry. 
We now use the matrices in the & and Construction IV to produce a 
larger set of permutation non-equivalent connected extremal matrices of 
order n. Let n>5 and write n=5+6+*.. +(m-l)+m+t, where O< t 
< m. Consider matrices A,,A,, . . . ,A,,,_ r, A,+ t, where Ai E & . Let A& be 
the matrix obtained, using Construction IV, by joining A, and A, through the 
points (5,5,5) and (1,1,2). Th is is possible because the (1,1,2) entry of A, 
(indeed of any A,) is greater than one-half. We observe that the first 
horizontal plane of A!, contains precisely 5 positive entries, no two of which 
are in the same row or column plane, and the sixth horizontal plane contains 
precisely 6 positive entries with the same property. The remaining 9 hori- 
zontal planes of A& contain fewer than 5 positive entries each. Next we form 
A & by joining A& and A, through the points (ll,ll,ll) and (1,1,2). 
Repeated application of this construction yields a matrix A,* which according 
to Theorem 2.8 is a connected extremal matrix of order n. For each value of 
k=5 6 , , . . . ,m - 1, m + t there is exactly one horizontal plane containing k 
positive entries. Furthermore, no two of these k positive entries are in the 
same row or column plane. Indeed, no two of the entire collection of these 
5+6+... + (m - 1) + (m + t) positive entries are in the same row or column 
plane. All other horizontal planes of A,* contain fewer than 5 positive entries. 
Let Rs,&,...,B,_,,B,+, be another sequence of matrices with Bi E 8, , 
and let R,* be the matrix constructed from this sequence following the 
procedure in the construction of A,*. We claim that A,* is permutation 
equivalent to B,* if and only if A, = Bk for k=5,6,. . . ,m- 1,m + t. Suppose 
A,* is permutation equivalent to B,*, so that there exist permutations 6, p, 7 
such that A,* = B,*@@*‘). The permutation T of the horizontal planes fixes 
each horizontal plane with 5 or more positive entries. Consider one such 
horizontal plane with k > 5 positive entries. From the construction, these k 
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positive entries are the positive entries in the first horizontal plane of both A, 
and Bk. 
Since the smallest positive entry of A, and of Bk occurs in this horizontal 
plane, A, and Bk must have equal smallest positive entries. Thus A, = I$ for 
each k. 
Thus the above procedure constructs a set of 
m-l 
[(m+ t)“-5(m+ t)+9] n (k2-5k+9) 
k-5 
connected extremal matrices of order n, no two of which are permutation 
equivalent. 
Let g(n) denote the number of permutation non-equivalent connected 
extremal matrices of order n. Then for n > 5, 
g(n)> fi (k2-5k+9), 
k-5 
so for arbitrary E > 0 
gb)>(l-+-- (5;)2 w
Using Stirling’s formula, we obtain 
(3.8) 
Using n + 10 < (m + l)(m + 2)/2, we obtain 
rn>GG -2. 
Combining (3.8) and (3.9), we obtain the conclusion of the theorem. n 
The purpose of the preceding theorem was not so much to obtain a sharp 
lower bound for g(n) as to indicate that it grows very rapidly. By examining 
other partitions of n and using other constructions, sharper bounds can 
probably be obtained. In the next section a new equivalence is defined. The 
matrices used to obtain the estimate in Theorem 3.1 can also be shown to be 
non-equivalent in this new sense. 
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4. CONCLUDING REMARKS AND OPEN PROBLEMS 
Let P cJ3,, be a pattern. Define a new pattern Q by 
(i,i,k)~q ifandonlyif (i,j.k)EP. 
Thus Q is obtained from P by interchanging the row planes and the column 
planes. With regard to their combinatorial properties the patterns P and Q 
are not essentially different, yet they may not be permutation equivalent. 
This corresponds to the fact that a two-dimensional matrix need not be 
permutation equivalent to its transpose. This observation gives rise to the 
following definition. Two patterns P and Q are equivalent if after suitably 
permuting the roles of the row, column, and horizontal planes of P it 
becomes permutation equivalent to Q. The equivalence of two matrices is 
defined analogously. The five constructions described earlier in the paper 
give rise to analogous constructions by permuting the roles of the different 
types of planes. 
PROBLEM 4.1. Describe constructim the repeated application of which 
will furnish all non-equivalent extremul matrices starting with the unique 
stochastic matrix of ordm 1. 
The following is a complete list, up to equivalence, of extremal matrices 
of orders 2,3. In this list P 1, P 2,. . . , Ps are two-dimensional representations of 
the patterns, while A,,A s, . . . , As are representations of the corresponding 
matrices. 
P,= 
[ 
1 
I 1 Pa= 
Ps= 
I7 b=[; :] 
3]9 p4=[ :: 1 3] 
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3 
A,= 
s 
A,= 
t 
3 
’ I 
1 
2 1 3 Pf3= 3 
2 
J 
, A,= 
A,= 
[ 
t 
A,= 
4 
1 
2 
1 
J 
& 
i 
8 
s 
4 
3 
2 
1 
3 I 
(4-l) 
1  
fI 4 I 
4 
1 
; 
I 
(4.2) 
These and other extremal matrices that we have constructed might 
indicate affirmative answers to Problems 4.2 and 4.3. 
PROBLEM 4.2. In a connected extremol matrix are all the entries mul- 
tiples of the smallest positive enty? Is the smallest positive entry always the 
reciprocal of an integer? 
PROBLEM 4.3. If the smalkst positive enty of a connected e&emal 
mutrix is a, is the lurgest enty 1 -a? As a special case, if the maximum 
enty is 4, are all the positive entries equal to &? 
PROBLEM 4.4 Let a,( &) be the smallest positive entry (largest entry) 
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that a connected extmnul matrix of order n may have. Determine a,, and & 
for all n. 
From our constructions a_ < l/2”- ’ and /3, > 1 - l/2”-‘. 
We now take a closer look at connected extremal matrices of order n with 
the minimum number 2n of positive entries. 
THEOREM 4.1. Let P C I,,, be a connected pattern with precisely two 
points in each plane. Then P is an extremal pattern if and only if the graph 
associated with P has an oald cycle. In this case the extremul matrix with 
pattern P ha.9 all positive entries equal to 4. If P is not an extremal pattern, 
then it contuins exactly two extremal subpattems. These subpattems are 
disjoint permutation patterns. 
Proof. Let A be any stochastic matrix with pattern P, let (i, i, k) E P, and 
let arrk = a. Then since P is connected, all positive entries of A equal a or 
1 - a. Around a cycle of the graph the entries of A alternate between a and 
1 - u. If the cycle is odd, we must have a = 1 - a = 4. In this case we see 
there is a unique stochastic matrix with pattern P, so that P is an extremal 
pattern. If the graph has no odd cycle, it is a connected bipartite graph. Thus 
there is a unique partition of P into patterns PI, Pz such that no two points in 
Pi (i = 1,2) are adjacent. This means no two points in PI are in the same 
plane. Since there are a total of 2n points in P- PI u Pz, this implies PI and 
Pz are permutation patterns. Moreover, every matrix with pattern P is of the 
form oA, + (1 - cu)As, where A, and As are permutation matrices with 
patterns PI and Pz. By Lemma 2.3, A has no other extremal subpattems. This 
proves the theorem. n 
Let P be as in Theorem 4.1. If a two-dimensional representation of P is 
connected, then its rows and columns can be permuted to achieve the 
standard form given in (4.3), where the x’s and y’s denote positive entries. 
Q- 
X 
Y 
Y 
x Y 
Y 
x 
(4.3) 
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Thus Q has precisely two two-dimensional permutation subpattems I, R. 
If a two-dimensional representation of P is not connected, then it has a 
standard form which is the direct sum of patterns Zk u R, of the form given 
in (4.3). If a direct summand has order 1, we handle it exceptionally, using a 
double entry. 
COROLLARY 4.1 Let P G 13,n be a pattern with exactly two points in each 
plane such that a two-dimensional representation is connected. Then P is not 
an extremal pattern if and only if in the standard form of its representation 
the entries on the muin diagonal are distinct. 
Proof If P is not extremal, it has exactly two permutation subpatterns 
which correspond to permutation subpatterns of the standard form Q. But Q 
has precisely two permutation subpatterns, I and R. On the other hand, Z 
corresponds to a permutation subpattern of P if and only if the entries along 
the main diagonal of Q are all distinct. n 
COROLLARY 4.2. Let P ~1~~” be a pattern with exactly two points in 
each plane. Let the standard form of a two-dimensimal representation of P 
be (Z,uR,)CB.** CB(Zk u Rk). Then P is not an extremal pattern if and only 
if there exist exist Si with Si = Zi or Pi (i = 1,. . . , k) such that the subpattern 
s,03*** CBS, designates distinct entries in the standard form of P. 
Proof. The 2k possible direct sums S,@ - * * @ Sk include the representa- 
tions for all the possible permutation subpatterns of P. n 
The pattern of a three-dimensional line stochastic matrix A of order n is 
also the pattern of a plane stochastic matrix, namely that of (l/n)A. The 
following theorem estimates the plane term rank of a line stochastic matrix. 
The plane term rank of a pattern P CJ 3,n, p(P), is r if r is the largest number 
such that P has r points with no two in the same plane. A set of planes is said 
to cover P if P is a subset of their union. The plane covering number, u(P), is 
the smallest number.c such that P is covered by a set of c planes. Term ranks 
and covering numbers of matrices are those of their patterns. We always 
have p(A) < v(A) b u in contrast with the plane (where K&rig’s theorem t 
holds), we need not have equality. For instance, if A is a connected extremal 
matrix of order n > 2, then p(A) < v(A) = n. For an arbitrary matrix A, 
Henderson [5] has conjectured that v(A) <2p(A). For plane stochastic 
matrices of order n, this is equivalent to p(A) > n/2. The following theorem 
verifies this for plane stochastic matrices with line stochastic patterns. 
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THEOREM 4.2. If A is a line stochastic matrix of order n, then the phe 
term rank of A is at 2ea.d n/2. 
Proof. Let A be a line stochastic matrix of order n with p(A) = t. We 
may assume that a,,#0 (1 < i < t), so that aiik = 0 whenever i, j,k >, t. The 
total sum of the entries of A is n2. Let R, C, and H be the unions of the first t 
row, column, and horizontal planes, respectively. Then by the inclusion- 
exclusion principle, 
RnCnH 
Since A is line stochastic, this reduces to 
n2=3tn-3t2+ lx aijk* 
RnCnH 
(4.4) 
By the line stochasticity of A, 
Hence 
2 aiik < t2. 
RnCnH 
and 
n2<3tn-3t2+t2, 
2t2 - (3n)t + n2 < 0. 
Solving this inequality for t, we obtain z < t. n 
We remark that a similar inequality has been proved by R. J. Wilson’ for 
(0,l) matrices with all line sums equal to k. This corresponds to a line 
stochastic matrix with all entries equal to l/k. For such matrices the 
preceding theorem can be improved if k > [n/2]. 
THEOREM 4.3. Zf A is a (0,l) matrix of order n with all line sums equal 
to k, then 
p(A) > min 
I 1 
;,k . 
Proof. The same technique used in Theorem 4.2 produces the inequality 
n2k=3tnk-3t2k+ 2 'ijk- 
RnCnH 
'Oral communication by L.L.ovisz. 
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Since A is a matrix of O’s and l’s, Z, ,, cnHa,fk < t3; thus 
n’k< t(t2-3kt+3nk). 
But we always have n2 > t2 - 3 kt + 3nk [since this is equivalent to n (n - 3 k) 
> t(t-3k)]. Hence t> k. n 
Henderson’s conjecture, if true, is sharp for plane stochastic matrices. 
This can be seen by considering the unique connected extremal matrix of 
order 2 and its direct sums. We feel that for connected stochastic matrices a 
sharper inequality is true. 
PROBLEM 4.5. Find a lower bound for the plane term rank of a con- 
nected stochastic matrix. Is it true that 
p(A)> bn? 
The example in (4.5) shows a connected stochastic pattern of order 9 with 
plane term rank 6. It generalizes to patterns of higher order. 
1 2 
1 2 
6 3 
4 
9 
5 
4 5 
6 
7 
3 
8 
7 8 
9 
@*5) 
We call a pattern strongly connected if each of its three two-dimensional 
representations is connected. 
PROBLEM 4.6. Let A be a strongly connected stochastic matrix of order 
n. Is it tme that p(A) > n - l? 
Let A be a plane stochastic matrix with one positive entry on each line. 
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Then A is strongly connected, and a two-dimensional representation of the 
pattern of A is a Latin square. Conversely, any Latin square can be 
considered as the two-dimensional representation of a strongly connected 
stochastic pattern. Thus Problem 4.6 includes as a special case whether a 
Latin square of order n always has a partial transversal of length n - 1. 
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